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ARTICLE

GEOMETRICAL CONTRIBUTIONS OF BRAHMAGUPTA
REGARDING CYCLIC QUADRILATERALS

SANATAN KOLEY*

The versatile Indian astronomer-mathematician, who enriched mathematics as well as astronomy
is Brahmagupta. His major work Brahmasphurasiddhanta, composed in 628 CE, consists of 24
chapters. Two of these chapters, namely 12" (XI1) and 18" (XVIII), deal exclusively with pure
mathematics (including some topics on geometry and mensuration). In this article an attempt
will be made to discuss about his geometrical contributions regarding cyclic quadrilaterals only,
which are included in the said chapter-XII. Thereafter, our aim will be to find the relevance
(direct or indirect) of these early medieval contributions of Brahmagupta in the field of the

present day high school geometry.

Introduction

he study of geonmetry as a science began first in
I India in the Vedic age. It was developed in the
country from the rules for the construction of
various types of altars for the Vedic sacrifice. The result
of these operations was the compilation of a series of
geometrical rules in the late Vedic period, which are
contained in the extant Sulbasitra texts and their
commentaries. The period of the Sulbasitras have been
estimated to be between 800 BCE and 500 BCE. These
texts give us a picture of development of early geometry
in India before the advent and rise of the Jaina sect during
¢.500-300 BCE. Like the Hindus in the Vedic age, the Jainas
had extended their geometrical practice for their religious
needs. The formulae related to geometry and also
mensuration given by the early Jainas are quoted in a
number of their religious and semi-religious works like
Tattvarthadhigamasitrabhasya and Jambudvipasamasa of
Umasvati (c.15t century CE), and others. They had
unparallel influence in Indian mathematics, particularly
geometry, after the end of Sulba period to the pre-
Aryabhatiyan era, that is, up to ¢.500 CE.
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Mathematics in India attained one of its highest
peaks during c. 6M-7% century CE with the arrival of
distinguished mathematicians and astronomers like
Aryabhata I (c.476-550 CE), Varahamihira (c. 505-587 CE),
Bhaskara I (c. 600- ¢.680 CE) and Brahmagupta (c. 598-
¢.668 CE). Among them Varahamihira and Bhaskara I are
mainly astronomers; as a result most of their works are
based on astronomy. Many of us probably know of the
books Aryabhariya composed in 499 CE by Aryabhata 1
and Brahmasphurasiddhanta written in 628 CE by
Brahmagupta (at the age of 30). These two books are more
or less based on astronomy and mathematics (including
some topics on geometry and mensuration).

Brahmagupta was born perhaps in Bhillamala, modern
Bhinmal in Rajasthan and completed his studies there. He
was the son of Jishnugupta and was a Hindu by religion,
in particular, a Shaivite. He lived and worked in his own
village for a good part of his life. Here he wrote his main
work Brahmasphurasiddhanta on astronomy and pure
mathematics. Later, he moved to Ujjain in Madhya Pradesh,
the then famous centre of learning and became the chief
of the astronomical observatory situated there!. However,
Brahmagupta composed here his next book Khanda
Khadyaka based on astronomy in 665 CE at the age of
67.
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It must be referred to here that, his very well known
work Brahmasphurasiddhanta (Br.Sp.S. in brief), written
in 1016 verses (different opinion : 1022 verses), is divided
into 24 chapters. Major part of this treatise is based on
astronomy, but the 12" (XII) and 18" (XVIII) chapters are
based exclusively on pure mathematics. Brahmagupta
named the 12 chapter comprising of 66 verses as ‘Ganita’
and the 18" chapter comprising of 102 verses as ‘Kuttaka’.
The chapter— ‘Gapita’ includes some discussions on
arithmetic, series and geometry (together with mensuration),
whereas the chapter—‘Kuttaka’ includes discussion on
algebra.?

Contextually, it is worth mentioning that Muhammad
ibn Ibrahim al-Fazari (746-806? CE), an Arabian
mathematician-astronomer, translated the said famous
treatise Brahmasphurasiddhanta from Sanskrit to Arabic
as Az-Zij ‘ala Sintal-‘Arab, or the Sindhind using an Indian
scholar (of Ujjain) named Kanka who came to Baghdad by
about 770 CE.3 This translation was possibly the vehicle
by means of which the Hindu numerals were transmitted
from India to the Arabs. Furthermore, eminent British
mathematician H.T. Colebrooke (1765-1837 CE) translated
two aforesaid chapters, 12" and 18", of this treatise from
Sanskrit to English in 1817 CE.* By means of this
translation, Brahmagupta’s works reached Europe in the
first half of 19" century CE and had a great influence
thereafter.

We have already stated that the chapter-XII of the
work Br.$.9. deals with the topics on arithmetic, series,
geometry and mensuration. Now, we will make an effort to
discuss in detail on those verses of this chapter, which
are based on geometry relating to cyclic quadrilaterals only.
After that, we will try to explore the relevance of these
geometrical works in the field of the present day high
school geometry.

Area of a Cyclic Quadrilateral

It may be referred to here that, the formula for finding
the area of a triangle, which was used in the Sulbasitra
texts during ¢.800 - 500 BCE is:

1
Area of a triangle = By base X altitude, which is

Datta’s conjecture.’

The early Jainas had no application for the triangle.
But this formula is found later in the work Aryabhariya
(verse 11.6) of Aryabhata I.

The above rule is applicable when the base and the
altitude of a triangle are known. If three sides of a triangle
or / and four sides of a quadrilateral are given, their

‘approximate’ and ‘accurate’ areas can be determined using
Brahmagupta’s rules. In the verse XII.21 of the Br.$.9.,
he states the concerned rules as follows:

T el gy S1g AfdergarTeer: |
ASTAMTEaqEd YeIETaaae G 1 21 1

sthala phalarm tricaturbhuja bahu
pratibahuyogadal aghata|
bhujayogardhacatustaya bhujonaghatatpadarm

siksmamy|21]|

This means: The approximate area of a triangle
or a quadrilateral is the product of half the sums
of its opposite sides. The accurate (area) is the
square root of the product of half the sum of the
sides severally diminished by (each of) the four
sides.

That is, if @, b, ¢, d are four sides of a quadrilateral
taken in order, then according to the rules we have its
area (A) as :

A atc b+d

> 7 approximately, and

A= /(s-a)(s—b)(s—c)(s—d) accuretely, where
s = %(a+b+c+d).

If we set one side, say d, equal to zero, then the
rules can also be used for a triangle with sides a. b, c.
Thus we get its area (A) as :

a+c b

A= = 3 approximately, and

A=s(s-a)(s—b)(s—C) accurately.

It is evident that, the approximate formula is of
course exact for rectangles (including squares) but not for
other quadrilaterals or triangles. However, the accurate
formula, in the case of a triangle, was given before by the
Greek mathematician Heron (c. 10 - c. 70 CE) of Alexandria.®
Brahmagupta makes a remarkable extension of ‘“Heron’s
formula” by giving its quadrilateral version. It is exact only
for cyclic quadrilaterals, though Brahmagupta does not say
so. Needful to say, all rectangles and isosceles trapezia as
well as certain scalene quadrilaterals are cyclic figures.

Circumradius of an isosceles trapezium and
a scalene quadrilateral

The rules for finding the circumradius of an isosceles
trapezium and a scalene quadrilateral are given by
Brahmagupta in the verse XI1.26 of his treatise Br.S.S.
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The said verse is mentioned hereunder:

S Qe sToT: KUl fgiunaeTraehiarser: |
Ted ferome yqevfass SHfaanmemsa 126 1

avisama parsvabhujagunah karno
dvigunavalambakavibhaktas|

hrdayam visamasya bhujapratibhuja
krtiyogamizl ardham|| 26| |

This means: The diagonal of an isosceles
trapezium (non-scalene) multiplied by its flank
(lateral) side and divided by twice its altitude
gives its circumradius. In case of a visma
(scalene) quadrilateral, it is half the square
root of the sum of the sguares of the opposite
Sides.

That is, if R be the A 8 D
radius of the circle
circumscribing the isosceles fln d ¢
trapezium (8, C, b, €) then the
. dc .. B C
rule gives R=— ... (i),
ule giv h (1)

where d and h respectively
are the diagonal and altitude

of the trapezium (vide Fig. 1). Fig. 1

In case of scalene quadrilateral (a, b, c, d), the

circumradius (R) of it is R= %\/aZ 1= %\/b2 +d” . (i)

The formula (i) can be justified as follows :

From the triangle ABC (vide Fig. 1), using the
properties of triangles (related to the sides and angles),

.L:ZR or, d :E.2R,hence Rzﬁ.
sin ZABC c 2h

For the formula (ii), it must be noted here that this
holds only in certain cyclic scalene quadrilaterals in which
the diagonals intersect each other at right angles. For
justification of the formula vide the section entitled
‘Construction of rational cyclic scalene quadrilaterals’
concerning explanation of the verse XII.38 (Br.$.S.) of
the running article.

we obtain

Circumradius of a Triangle and a
Quadrilateral

In the verse XII.27 of the Br.$p.S., Brahmagupta
states the rule for determining the circumradius of a triangle
and a quadrilateral. He enunciates the verse as below:

FrogsTe =il rifgTfomeTsieyd ged-T: |
41 fgqon EqySeREEataRT: 11127 1

tribhujasya vadho bhujayordvigunitalamboddhrto
hrdaya-rajjul|
sa dviguna tricaturbhujakonasprgvritaviskambhar||27||

This means: The product of the two sides of a
triangle divided by twice the altitude is the
circumradius (hrdaya-rajju), and twice that is the
diameter of the circle which passes through the
vertices of the triangle and the quadrilateral.

That is, if R be the circumradius of the triangle ABC
and h be its altitude (vide Fig.2) then according to this

rule R:E.

2h A
This result may be
proved as follows:

In the triangle ABC, if h
AD (= h) Dbe the
perpendicular on BC and AE
(=2R), the diameter of the
circumcircle then the
triangles ABE and ADC will

be similar (vide Fig.2). Fig. 2
Therefore, E :ﬁ .. (i). Hence, AE = AC. AB or
AC AD AD
R=2C.
2h

Furthermore, according to the figure, ABC is a
triangle and ABEC is a quadrilateral. As they are inscribed
in the same circle, they have the same circumdiameter (AE
in the figure).

We can find glimpses of this work in the geometry
tought at present in high schools. The rule is illustrated
in the following theorem :

If a perpendicular is drawn on the base of a triangle
from its vertex, then the rectangle formed by its two other
sides will be equal to the rectangle formed by that
perpendicular and the circumdiameter of the triangle.

From the aforesaid relation (i), we get AB.AC =
AD.AE. Hence the theorem (vide Fig. 2).

Corallary: If a, b, c, be the sides and A the area of

a triangle having circumradius (R), then R= i—zc .

According to the Fig. 2, areca of the triangle

ABC(4) = % BC.AD or, 44=2BC.AD =2a.AD . Further,
from the above mentioned relation AE.AD = AB.AC we
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have 2RAD = cb or 2R=2C - &€ . p__ab
ave ZR.AD = Cbor, AD aAD =~ 2aAD
_ abc

a4
Diagonals of any Cyclic Quadrilateral

Brahmagupta’s most important contribution to
geometry is the theorem for the length of the diagonals
of any cyclic quadrilateral in terms of its sides. It is found
to occur in the verse XII1.28 of the Br.$0.S., which is as
follows:

AT R SATS == 1ot T[ore |
ARE T ufd eTaer: ot ug fawm i 28 11

karnasritabhujaghatai kyamubhayatha’ nyonya
bhajitarmm gunayet|

yogena bhuja prati bhujavadhayoh karnau pade
visame ||28]

This means: One should divide the sums of the
products of the sides about both the diagonals
by each other and multiply the quotients by the
sum of the products of the (two pairs of) opposite
sides. The square roots of the results (so
obtained) are the diagonals of a visama
quadrilateral (inscribed in a circle).

That is, if m and n be the diagonals of a cyclic
scalene quadrilateral with sides a, b, ¢, d taken in order

(vide Fig.3) then the theorem I

states :

m= ad +be (ac+bd)
ab+cd

and

n= (ab+Cdj(ac+bd),
ad +bc

Brahmagupta gives no proof of the theorem, so we
don’t know how he derived it. The proof of the theorem
is found later in the book ‘Mathematics in Ancient and
Medieval India’ by A. K. Bag.” This theorem is now
generally known as Brahmagupta’s theorem related to the

Py

Fig. 3

determination of diagonals of any cyclic quadrilateral, and
was rediscovered in Europe in 1619 CE by W. Snell (1580—

1626), a Dutch astronomer-mathematician.®

If we take the product of the diagonals m and n,
then we get m.n = ac + bd i.e., the product of the

diagonals of a cyclic quadrilateral equals the sum of the
products of its two pairs of opposite sides, which is
knows as Ptolemy’s Theorem, named after C. Ptolemy
(c.100 — ¢.170 CE), a Greek mathematician.

Additionally, it is the first time that we find the
following proportion in Brahmagupta’s work:

m_ad+hbc
n ab+cd

It can be compared with Regiomontanus’s (1436 —
1476, German mathematician) efforts in the 15% century to
generate a formula concerning the area of an inscribed
quadrilateral or with the fact that W.Snell (1580-1626)
rediscovered Brahmagupta’s formula in Europe in 1615 (?)
CE, for which Philip Naude’ the Younger (1684 — 1747,
French mathematician) could finally provide a proof in 1727
() CE?

Central Altitude-segments of a Cyclic Scalene
Quadprilateral

In the verse XIL.3I of the Br.$.S. , Brahmagupta
states the rule for the segments of the altitude passing
through the point of intersection of the diagonals of a
cyclic quadrilateral in which the diagonals are at right
angles. The concerned verse is as below:

st et § fisdceral aeREl @uey |
FEATEEUE TR ANTETEAA |1 31 11

tribhuje bhujau tu bhamistallamvo lambakadharam
khandam|

ardhvamaval ambakhandam lambakayogar
dhamadharonam ||31]|

This means: The lower segments of the two
diagonals are taken to be the sides of a triangle
whose base is the base of the quadrilateral. Its
altitude will be the lower segment of the (central)
perpendicular (on the base through the point of
intersection of the diagonals). The upper segment
of the (central) perpendicular will be half the
sum of the two (side) perpendiculars (each)
diminished by the lower segment (of the central
perpendicular).

The rule is narrated as follows:

According to the figure (vide Fig.4), the lower
segments of the diagonals BD and CA of the cyclic
quadrilateral ABCD are BH and CH, where H denotes the
point of intersection of the (said) diagonals. The (central)
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perpendicular on the base
BC of the quadrilateral,
passing through the point H,
is EF and the two side
perpendiculars on the same
base are AM and DN. Then,
in accordance with the
aforesaid rule, the upper
segment EH of the (central)
perpendicular EF is :

Fig. 4

Epy = (AM - HF);(DN —HF)

, from which we get
EF :%(AM +DN).

That is, the height of the point E above the base BC
is half the sum of the heights of the points A and D
above the same base. This implies that E bisects AD, a
result now famous as ‘Brahmagupta’s theorem’!? and
usually stated in the following fashion:

If in a cyclic quadrilateral the diagonals intersect
perpendicularly, then the perpendicular on a side of it from
the point of intersection of the diagonals always bisects
the opposite side.

It is worth mentioning that this theorem and its proof
are found to occur in the text books of the present day
high school geometry. For a ready reference, the proof
has been given in the APPENDIX of the present article.

Construction of Rational Cyclic Scalene
Quadrilaterals

We have already noticed Bruhmugupta’s rule for
finding the circumradius of a triangle and a quadrilateral
(verse X11.27. Br.$.S.). Here he mentioned the Sanskrit

term TJYSTRIVEIET (caturbhujakonasprgvrtta) which
means that he probably considered ‘an inscribed
quadrilateral whose vertices touch the circle’. His most
important contributions to geometry about the cyclic
quadrilateral are : finding its area (verse XII.21) and the
theorem regarding determination of its diagonals (verse
XI1.28). These are also discussed earlier. The problem for
constructing cyclic scalene quadrilaterals with rational
sides is interesting. Brahmagupta’s work, in this context,
is indeed a notable achievement. In the verse XI1.38 of
the Br.Sp.S., he gives the method of solution of this
remarkable proposition as given below :

STTGHRITHST: T HOT TON AR |
siferent yHEEAT argfgad ea=t 138 1

jatyadvayakotibhujah para karpa guna
bhujascaturvisame|

adhiko bhiirmukhahino bahudvitayam
bhujavanyau ||38||

This means. The uprights (koris) and bases
(bhujas) of two rational right-angled triangles
(jatyas) multiplied by each other's hypotenuses
will give the four sides of a scalene (visama)
quadrilateral. (Of these four sides) the greatest
is the base, the smallest is the face, and the other
two sides are the two flanks.

This states that, if (a,b,c) and (p,q,r) be the sides of
two rational right-angled triangles such that & + b> = ¢?
and p*> + g* = r? then c(p,g), r(a,b) i.e., cp, cq, ar, br will
be the four sides of a scalene quadrilateral.

It is narrated as follows:'-2

Let us construct two D
right-angled triangles COB 5
and COD with sides a (p,q,r) N C
and p (a,b,c) respectively. A bg Ofap

Again, on the other side of
BD, we construct two right-
angled triangles DOA and
BOA with sides b (p, g, 1) B
and q (a, b, ¢) respectively. Fig. 5

Thus we obtain a scalene

quadrilateral ABCD with sides (cq, ar, cp, br) in order,
and having its diagonals at right angles (vide Fig. 5).

aq

Now, using the rule previously described in the verse
XI1.27 of the Br.3.S., we get the circumradius of the

triangle ABC = €A _ " and that of the triangle
2ag 2
ABD:C;Tbrz%. This shows that the quadrilateral
q

ABCD is cyclic and its circumradius :%cr . Since a* +

1
b2 = ¢2 and p*> + > = r?, we may write ECY

:%\/(ar)er(br)z =%\/(cp)2+(cq)2 That is, the

circumradius is equal to half A’
the square root of the sum
of the squares of the

ar

opposite sides of ABCD.

Again, considering two
pairs of opposite sides (cq,
cp) and (ar, br) of ABCD as
adjacent sides, we may
construct another scalene
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quadrilateral A’B’C’D’. This quadrilateral so formed, with
sides (cq, cp, ar, br) in order will also be cyclic having a
pair of opposite angles as right angles (semi-circular
angles), and its circumdiameter Cr as a diagonal (vide Fig.
6). It is noteworthy that, in these two quadrilaterals (ABCD
and A’'B’C’D’) the sum of the squares of the greatest and
the smallest sides will be equal to that of the remaining
two sides.

The two cyclic quadrilaterals with sides (cq, ar, cp,
br) and (cq, cp, ar, br), both in order, are called
‘Brahmagupta Quadrilaterals’.!? In particular, if we take two
right-angled triangles with sides (3,4,5) and (5,12,13) instead
of (a,b,c) and (p,q,r), we obtain Brahmagupta quadrilaterals
with sides (60, 39, 25, 52) and (60, 25, 39, 52) both in
order. The same example is given by Prthuidakasvami in
his commentary on the Br.30.S. (verse XII.38).

It is evident from the cyclic scalene quadrilateral (60,
39, 25, 52) that its diagonals are at right angles, and its
greatest and the smallest sides are placed opposite to each
other (vide Fig. 5). Besides, the circumradius of the

1
quadrilateral is  equal to 5\1(39)2 +(52)2
1 2 > 65
=—4/(60)" +(25)" =—.
> V(60)” +(25) >

Conclusion

We have mentioned at the beginning of this article
that Brahmagupta makes a remarkable extension of “Heron’s
formula” by giving its quadrilateral version. Perhaps it is
the most beautiful result in Brahmagupta’s works; but the
glory of his achievement is somewhat dimmed by failure
to mention that the formula is correct only in the case of
a cyclic quadrilateral. However, the rules for finding the
circumradius of an isosceles trapezium and a scalene
quadrilateral, as given by him, are mostly correct. Besides,
the rule for determining the circumradius of a triangle and
a quadrilateral, contributed by him, is also found correct.
Needful to say, we can find glimpses of this work in the
geometry tought at present in high schools. Brahmagupta’s
most important contribution to geometry is the theorem
for the length of the diagonals of any cyclic quadrilateral
in terms of its sides, which was rediscovered in Europe in
1619 CE by W. Snell.

It is worth mentioning here that, in geometry, the
theorem as stated by Brahmagupta (in the verse XII1.31), is
now famous as ‘Brahmagupta’s theorem” and is found to
occur in the text books of the present day high school
geometry. Again, the method for the construction of

rational cyclic scalene quadrilaterals (verse XII.38) is
indeed a notable achievement of Indian geometry in the
early medieval period. In this context, it must be noted
here that Brahmagupta gives two types of cyclic
quadrilaterals as solution for constructing the same and
these two types of quadrilaterals are called ‘Brahmagupta
Quadrilaterals’. Hence, we may conclude that the
geometrical contributions regarding cyclic quadrilaterals
made by Brahmagupta of course have some relevance in
the field of the present day high school geometry.

An earnest effort has been made to make the
translalions of the Sanskrit verses as literal as possible.
While translating the verses, interpretation of the
geometrical contents in modern notation are given
wherever felt necessary.

This article is a humble tribute to my revered teacher
Dr. Bandana Barua, former Head, Department of Pure
Mathematics, University of Calcutta, whose blessing has
been a beacon light for me over the years.
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Abbreviation used

Br.Sp.S. = Brahmasphurasiddhanta a
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Appendix
Proof of the ‘Brahmagupta’s theorem’

Let ABCD be a cyclic quadrilateral whose diagonals
BD and CA intersect perpendicularly at the point H. The
perpendicular HF is drawn from the point H on the side
BC of it. If E be the point of intersection of the extended
FH and the side AD, then the theorem states that E is the
midpoint of AD (vide Fig. 7).

In the figure, ZDAC = D
/DBC (angles in the same A
segment) i.e., ZEAH =
ZHBF. Since ZHFB = 90°, ..
Z/HBF + ZBHF = 90° or,
ZBHF = 90° — ZHBF = 90°

Fig. 7

Again, /BHF = ZEHD
(opposite angles), but since
ZAHD = 90°, . ZEHD =
90° — ZEHA i.e., ZBHF =90° — ZEHA ...... (i1)

Now, from (i) and (ii) we get ZEAH = ZEHA. Hence
AAEH is an isosceles triangles, and thus EA = EH ..... (iii)

Similarly, it may be shown that ZEHD = ZEDH ;
hence, ADEH is an isosceles triangle, and so EH = ED ....
(iv). Finally, from (iii) and (iv) it follows that EA = ED, as
the theorem claims.
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